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Abstract. The correlation assumption of the longitudinal data with bi-response occurs on the
measurement between the subjects of observation and the response. It causes the auto-
correlation of error, and this can be overcome by using a covariance matrix. In this article, we
estimate the covariance matrix based on the penalized spline regression model. Penalized
spline involves knot points and smoothing parameters simultaneously in controlling the
smoothness of the curve. Based on our simulation study, the estimated regression model of the
weighted penalized spline with covariance matrix gives a smaller error value compared to the
error of the model without covariance matrix.

1. Introduction

The covariance matrix is usually used as a weighting in the model estimation in case of violation of
assumptions such as the correlation between errors. Error correlation can occur if the data contains
more than one correlated response. The covariance matrix can be assumed to be known [1] and
estimated with the smoothing spline estimator [2]. However, if the covariance matrix is unknown, then
it is necessary to be estimated. The covariance matrix can be estimated from the data and it may have
an impact on the estimation results of the smoothing spline estimator [3]. The estimation of the
covariance matrix in cross sectional data to overcome the correlation between the responses has been
estimated by using the maximum likelihood method in spline regression [4]. Besides that, it also has
been estimated by using the expected value of the error based on the local polynomial estimators [5],
and the kernel estimators [6].

Our study analyses longitudinal data which is a combination of cross sectional and time series data.
The analysis of cross sectional data that should be performed on longitudinal data will provide a
different interpretation of a problem [7]. The longitudinal data consists of several subjects that are
measured over time based on measurement time. Each subject is assumed to be independent, but the
measurements in the subject are mutually dependent. The approach used for addressing the
correlations that occur in longitudinal data can be done through principal component analysis [8],
varying coefficient models [9] and mixed-effect penalized spline models [10].

The longitudinal data can consist of two responses that are assumed to be correlated called bi-
response [11]. The correlation between the responses was overcome by using the covariance matrix
and it is estimated through the smoothing spline estimator [12]. In this article, we use the covariance
matrix as a weighted in the penalized spline criteria to solve correlations that occur in the data, both
correlations between responses, or the correlation between observed data bi-response longitudinal
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data. The advantage of a penalized spline is the ability of the estimator to produce a smooth and fitted
curve, and also the pattern change of curve regression can be seen visually. This is due to knot
involvement and smoothing parameters simultaneously in controlling the smoothness of the curve.
The penalized spline estimators consist goodness of fit and penalty function. The function of goodness
of fit is truncated polynomials that have an optimal rate of convergence [13]. Knot points in the
goodness of fit selected based on fixed methods [14]. We use the penalty function in the penalized
spline criterion based on quadratic polynomials form of spline regression coefficient [15]. The
covariance matrix is estimated based on the error of the nonparametric bi-response regression model
based on the penalized spline estimator un-weighted. This is why the use of covariance matrix can
produce to accurate estimation results. The advantages of using the weighted of the covariance matrix
are shown through a longitudinal data simulation study on a correlation value of 0.9. The results show
that the use of the covariance matrix in the penalized spline criteria in the case of longitudinal bi-
response data provides a smaller error value.

2. Bi-response longitudinal data

Bi-response longitudinal data are longitudinal data involving two correlated responses. Longitudinal
data are measured data from subjects, where each subject is measured repeatedly in a time interval.
Longitudinal data are assumed to be independent among subjects, however, on the inter-observations

in the same subjects, the data are mutually dependent [16]. Futhermore, if t; is the observation at the
j™ time of the i™ subject, y,; is the 1% response variable at a time t; and y,; is the 2" response

variable at a time t;,
i=12,...,n, where m, is the number of repeated measurement of the i individual. The relationship
betweent; ,y,; and Y,; can be expressed in the form of the regression model as follows.
Yoy = o (t;)+ 5,1 =12 (1)
The longitudinal data structure of bi-response is shown in table 1.
Table 1. The structure of the longitudinal data bi-response to the predictor variable t;

then the longitudinal data bi-response was given by (tij Vi Yaii ) j=12,....m,

r i j ti Yriij r i J ti Yrii
tll ylAll 1 tll y2A11
1 t12 y1£12 1 2 t12 y2:.12
ml tlm1 yl.lm1 ml tlm1 y2.1m1
1 ' I I 2 : : : :
tnl ylAnl 1 tnl yZAnl
th yl.n2 2 th y2.n2
n : : n : : :
mn tnmn yl.nmn mn tnmn y2.nmn

Table 1 shows the structure of the longitudinal data containing two responses (r = 1,2). Each
response consists of n subjects (i=1,2,...,n) which each subject is measured several times as much as

m(j=L2....m).

3. Penalized spline regression

The penalized spline is one of the estimators used in nonparametric regression in the estimation of the
nonparametric regression function. Penalized spline estimator involves knot points and smoothing
parameters simultaneously in controlling the smoothness of the curve. Penalty function in the
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penalized spline estimator takes the quadratic form of the truncated regression coefficient as
recommended on the cross sectional data [17].

If the function f, (tij ) in equation (1) is assumed unknown and estimated through a penalized spline

estimator, then it is expressed as follows.

£ (6) =2 (4) 42 e (4K @

The equation (2) can be made in ;natrix form, z;s in (3).
f(t)=Xp, ©)
where f(f)z[ﬂ(f), f, (f)]T are an unknown form of regression function in the first and the

second response.
Furthermore, the penalized spline regression model in equation (1) can be expressed to (4) based on
the function at (3).

y=XB+E, (4)
where ¥ is a response vector containing the first and the second response. X is a predictor matrix in
the first and the second response. ¢ is an error vector in the first and the second response with
E(£)=0 and Var(¢)=9Q.

In the estimation of the covariance matrix, we need estimates of the nonparametric bi-response

regression model un-weighted. The estimation criteria is called penalized least square (PLS) which can
be expressed in the form of vector as in (5).

PLS=(y~Xp) (V-XB)+ 5 Dp. )

4. Estimation of covariance matrix
The assumption for error random &, ;; is related to the variance of the error.

2 \_ 2 _J0viiOsij s i=i
E(gr.ij)_Ur.ij’E(gr.ij'gs_i*j)_{ JO ' C il (6)
Equation (6) occurs at r=s=12. The model of bi-response nonparametric regression on
longitudinal data is assumed to have a correlation between responses and to have a correlation
between measurement data on the same subject. This led to the estimation of bi-response
nonparametric regression model on longitudinal data using a weighted covariance matrix from & is
Q.

Q=Var(¢)=E[-E(¢)|[é-E(5)] =E(&"), ™

T

— — A\ = — - — - — — —
where az(gl ,52) & =80 8pr e Bin) & = (800 B nan) -

Based on the assumption in (6), we can make a form the matrix of covariance as follows.

Q= |:Ellj Z12.i :| (8)

2"21.i z"22.i

Equation (8) can also be expressed as in (9).
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(., 0 ... 0 X,, 0 ]
0 Xy e 0 0 X,
Q — 0 0 le.nn 0 0 le.nn (9)
2'21 11 0 0 2'22.11 0 0
O Z21 22 0 0 Z22 22 0
i 0 0 cee Xoiin 0 0 Zzz.nn_

The matrix X, is the matrix of the variance in the same response, r=1,2 with the same
subject,i=1,2,...,n that isX, ; =diag (X, ;1. Xy -0 Xy ). The matrix X . is the matrix of

rs.ii

covariance in the different response, r=s=12 with the same subject,i=12,...,n that
isX,; =diag (X 11 T -+ Sy ) - The matrix of covariance @ in equation (9) is used in estimating

bi-response nonparametric regression model in longitudinal data with a penalized spline estimator.
The matrix of covariance is used to overcome the correlation between responses. The estimation
covariance matrix is related to the estimation of error variance in the measurement data. The
covariance matrix at (9) is assumed to be unknown, so it estimated as set forth in Theorem 1.

Theorem 1
If the nonparametric regression model with two responses based on the un-weighted penalized spline

in each sample t, ; is
Vei =Xey, AO+ED r=12i=12,

ri?

then we get
=T = T Vi
1. 6-r2,ij _ yr.iPrryrl trzllr:;A;r PFI'A"yr-i ,P [l - ] [I - ]
vil=! AP AV .
2. &rsij = yrll rsy yrl — Sys.l ! P :[I_AI’]T[I_AS]
: tr(P,)
Proof

The coefficient of regression Br‘o) is a vector of the regression coefficient on the un-weighted

penalized spline. The covariance matrix is € in the criteria of PLS. The PLS criterion in (5) can be
described in the matrix form.

PLS= y;'r| yr i Zﬁ(O)T Xrt yr i Br(O)T XrAtij )(r.tij Br(O) + j:rT Br(O)T DrBr(O) (10)
If equation (10) is differentiable to ,B,‘O , then obtained
ﬁg(O) = (XI.tij X:t-

R

- -1
+ﬂ’rT Dr) x:.tij Yr.i )

Furthermore, the estimation of nonparametric bi-response regression function in longitudinal data
through un-weighted penalized spline estimator can be expressed as follows.

T ()= X B9 =X, (X X, +47D,) XTI, Vi, - (12)

— -1
If the matrix of the smoothing parameter is A, =X, (XLU X, 4 D ) X', + then the equation

(11) can be written into

—h

() =AY, -
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Next, E(gzﬁ.o)) is obtained on the assumption of ¢

r.ij

i on (7).
E(ee) =Ll -AT =AY | =[P} 12

where P, =[I-A ] [1-A] .
Equation (12) described by using the properties of the matrix and the result it is as follows.
E(y-rr.iprryr.l ) tl’(P”of” I) (A yr i )T P (A yr.i )
_O-rutr( rr)+yr|AT[|_A ] [ Ar]Aryr.i
- O-r ij tl'( r ) + yr |AI I:)rr'A‘r yr.i (13)

Based on (13), the estimated variance of the error is as follows.
=T — T —
G2 = Yri I::'rryrl yrlAr I:,rr'A‘r Yri , Prr =[| _Ar ]T [l _Ar] ] l

i tr(P,)

The covariance assumption of error is expressed by E( r”,g(‘l)) ) Cov( 8l ) 0,0 10

r=s=12 andi=i", as for Cov( el )=O toi=i". Next, E( ru,g(o)j) is described as follows.
E(gf(ﬁl)’ :?)J) {y“[l—A] [I_ ] } {yrlpr5y3|} ! (14)

whereP, =[1-A ] [I-A,].
Furthermore, the equation (14) is described and the result is obtained at (15).

(yrIPI‘SyS| ) tr(PrsO-ruo-S,J )+(Aryr.i)T Prs(Asy -*)
=00, w(P)+VLAI[I-A T [1-A]AY, -

rij s

=0,0, (P )+ VL AIPAY, - (15)

rij s i riors

Leto. .o then the estimated variance of the error is as follows.

r.ij s,J rsu’

=T T o
A yr.iPrsy yr |Ar PrsAsy i T
6. . = st P =[1-A11-A].
rs.l) tr(Prs) [ l’] [ S] l
As a result of the theorem, estimation of covariance matrices € on (9) in the nonparametric bi-
response regression model on the longitudinal data based on the penalized spline estimator, it is as
follows.

ﬁ"ll.ll 0 0 ﬁ"12.11 0 0
0 £, .. 0 0 £,, .. 0
.| 0 0 )y 0 0 )y
Q =| . 11.nn X 12.nn (16)
Z'ZlAll 0 0 Z'22.11 0 0
0 %, .. 0 0 %, .. 0
|0 0 .. %, 0 0 ... Z,.
Wlth irru _dlag( r|’ r|' r2.i)and ﬁ:rs.ii :diag(O'”O'SI,O'“O'SI, OA-r.io,\-s.i)'
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5. Simulation Study

The ability of covariance matrix as a weighting in the nonparametric bi-response regression model of
the longitudinal data is shown through a simulation study. We use a covariance matrix corresponding
to equation (19). Simulated studies were performed on the number of subjects 5, 10 and 30, while each
subject was measured from 3 to 5 times the measurement. The correlation between the first and the

second response is 0.9 and ¢, [I N (0,1). The model of each response to the number of knot points of 2
and the lambda is 0.5 is shown in equation (17).

Yij = f1(tij)+‘91.ija & UN (0.2),
Yoi = T, (tij)+‘92.ij’ &; I N(01),
where f,=35+2t; 12 +2(t;~2) ~2(t;—4) and f,=6.5-t, +27 +15(t; ~2) +1.5(t; ~4)°

(17)

We compare the error value of the simulated data with the error value after weight through the
covariance matrix. It is shown through Box Plot in figure 1.

box plot (n=8) box plot (n=10) box plot (n=30)

30 e 30 p— 30 —
20 i 20 20 :
10 —_ 10 5 10

; = | — I =
100 4 - -10 —d -0 —d
20 20 20
= I [ 30 i 30 i

eror_unweighted  eror-weighted errnr_un:ueighted errnr-'.:.leighted . error_unweighted E"DF';-'EiEIhTEd

Figure 1. Plots of error of simulation data with error after weight through a matrix of covariance
based on penalized spline estimators.

Figure 1 consists of three box plots for each number of subjects 5, 10 and 30. Each box plot shows
an error from the model of simulated data without weighted (left) and error after weight with the
covariance matrix (right). The results of the analysis show that the error of the simulated data without
weighted is greater than the estimated error of the nonparametric bi-response regression model with
the covariance matrix. The average error of the model of the covariance matrix rate close to zero with
smaller error range. This result shows the superiority of the covariance matrix of error in overcoming
the correlation that occurs in the longitudinal data of bi-response through the penalized spline
estimator. The simultaneous process between the covariance matrix, knots and smoothing parameters
are capable of produce estimation errors of smaller nonparametric bi-response regression models.

6. Conclusion

In this study, we described the covariance matrix estimation of the error in the bi-response longitudinal
case through a penalized spline estimator. In addition, through simulation studies, we also
demonstrated the ability of the covariance matrix as weight in correlated bi-response data. The result
of the covariance matrix estimation through the penalized spline estimator is outlined in Theorem 1,
and then it used in the simulation study. Our results have shown that the use of the covariance matrix
as weight as set forth in Theorem 1 is capable of providing a smaller error value. The error value is
shown through the box plot on several simulations of a number of different subjects.
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